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THE OSCILLATIONS OF A PARTICLE SUSPENDED
ON AN IDEAL THREAD
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Moscow
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The motion of a particle suspended on an ideal thread in a uniform gravitational field is investigated. The problem of the orbital
stability of the periodic motion of the particle along the vertical is solved. The non-linear oscillations in the neighbourhood of
the periodic motion are considered in the case when the motion is unstable. Normalization of the Hamilton function using
simplectic mappings is employed in the investigation. © 1996 Elsevier Science Ltd. All rights reserved.

1. FORMULATION OF THE PROBLEM

Suppose a particle of mass m is attached at one of the ends of an absolutely flexible weightless inextens-
ible thread of length /, the other end of which is attached to a fixed point O. The particle moves in a
uniform gravitational field in a fixed vertical plane Oxy (Fig. 1).

Suppose x, y are the coordinates of the particle m. The condition for the thread to be inextensible
gives the unilateral constraint /2 — x* — y* = 0. We will take as generalized coordinates the polar angle
0 and the quantity & = — (x> + y*)2. The corresponding momenta will be the quantities

po =m(l-£)*6, p;=mE

In the case of a weakened relationship, when £ > 0, the motion is described by canonical equations
with the Hamilton function

l 2
H =——[p§2 +-—Po 5 ]—mg(l—&)cose (1.1)
2m -

If, at the instant when the relation § = 0 is attained the value of p is non-zero, a shock occurs. The
following relation is satisfied for the shock

Py =-pg (1.2)

where the minus and plus superscripts denote the values of the momentum pe before and after the shock.
The equations of motion have a particular solution corresponding to motion of the particle m
along the fixed vertical Ox (Fig. 1). The period 7 is equal to 2(2k/g)"?, where g is the acceleration due
to gravity and A is the height that the particle jumps along the vertical when the thread is loose after
the shock. To eliminate collision between the particle /m and the point O of the fixed thread we will
assume that s < /.
This 1-periodic motion in the time interval 0 < ¢ < 1 is described by the equations

9=0, p9=0 (13)
E=-Yat’ *’(:'lgh)y2 Lop= —mgt+m(2gh)%

The functions &(z), pe(t), when & > 0, satisfy the canonical equations with Hamiltonian

L1,
I —~2—-’;l-p§+mg§ (1.4)
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and, when § = 0, Eq. (1.2) is satisfied. For shocks which occur at instants of time that are a muitiple
of 1, we have € = 0, while p; jumps in value from p; = -m(2gh)" to Pt = -m(2gh)".

The purpose of the present paper is to give a strict analytic solution of the non-linear problem of
the orbital stability of the periodic motion (1.3) for all values of £ in the interval 0 < & < [. We also
investigate the non-linear oscillations of a particle in the neighbourhood of the motion (1.3) when
the value of & lies in the range of its orbital instability. The stability of the motion (1.3) was
considered previously in [1-3] in the linear form of the problem. A number of other types of periodic
motions, differing from (1.3), were investigated in [2, 3], and the phenomenon of chaotic motion was
studied.

2. THE HAMILTONIAN OF THE PERTURBED MOTION

Following [4], in (1.1) we make a canonical change of variables, keeping the quantities 6, pg unchanged
and introducing quantities J and v instead of the variables pg and &, as given by the following formulae

%
o2 \? 3
s,::ng ) 1)

py =Om?ng) 1% fw), E,=(

where f; and f, are 2n-periodic functions of v, and we have f; = 1 —vn'), f, = v (2 — va™?) for
O0<v<2n

In the unperturbed motion with Hamiltonian (1.4) the variables J and v will be the action-angle
variables I and w. Here

2.2 \4 }A
I'= [_9%_] 1%’ I= _2_%)___;,% (2.2)
n
oL 2n 2% |8,
a T 2h

To obtain the Hamilton function, which describes the motion in the neighbourhood of the periodic
motion (1.3), we introduce the perturbations g, p and r using the canonical transformation 6, pg, J, v
— g, p, 1, v, given by the equations

? 2 22
Oma po =T IR v @3)

If we change from ¢ to the new dimensionless independent variable n(g/2k)"/, we obtain from (1.1)
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and (%/.21)—(2.3) the Hamiltonian of the perturbed motion in the form of a series in even powers of g,
plrl

H=r+hy(q,pv)+... 2.4)
hy = You(l=nfy))q* + 72 (L= xf) 7 p*. x=h/l (0<x<]I)

where the dots denote terms of the fourth and higher powers. The term in (2.4) that is independent of
q, p, r, v is omitted.

The orbital stability (instability) of periodic motion (1.3) denotes the stability (instability) of the
solution g = p = r = 0 of the system with Hamiltonian (2.4) with respect to perturbations of the quantities

q,p,T.

3. THE NORMALIZATION METHOD

Suppose the perturbed motion occurs at the same energy level as the unperturbed periodic motion
(1.3). Then H = 0, where H is the function (2.4). From the equation H = 0 we obtain r = —-K(g, p, v).
At the isoenergy level considered the perturbed motion is described by canonical equations with
Hamiltonian K (Whittaker’s equations [5]), and the quantity v plays the role of the independent variable.
The solution g = p = 0 of these equations corresponds to the periodic motion (1.3) being investigated.
The orbital stability (instability) of the periodic motion (1.3) follows from the stability (instability) of
the solutiong =p = 0.

In the neighbourhood of the point ¢ = p = 0, the function K can be represented in the form of a
converging series inn powers of g and p

K=Ky +Ky+ ... +K, +... (3.1)

where K, is a form of power s with coefficients that are 2n-periodic in v, and K, = h,. Using existing
algorithms [6], when solving the problems of the stability of the equilibrium g = p = 0 it is necessary
to normalize the first few forms of the expansion (3.1), which is an extremely tedious procedure. In
particular, when normalizing the quadratic form K; one has to find (either numerically or analytically)
the fundamental matrix of the solutions of the corresponding linear system of differential equations,
2g-periodic in v. It is true that in the problem considered this matrix can be written down in explicit
forms, but for a known matrix of the fundamental solutions the normalization of forms higher than the
second power in (3.1) requires the evaluation of several definite integrals in the interval 0 < v < 2m.
This can turn out to be extremely complicated, particularly if it is necessary to obtain explicit expressions
for the coefficients of the normal form in terms of the parameters of the problem.

We will use a different method of normalization in this paper. It is based on an investigation of the
non-linear simplectic mapping, specified by the motions of the system with Hamiltonian K during the
period when v varies from 0 to 2n. The basic principle of the method is briefly as follows. Suppose g,
and p, are the initial value of the variables g and p when v = 0 or, which is the same thing, when ¢ =
0, and ¢, and p, are their values when v = 2x (or, which is the same thing, when ¢ = ¢;, where ¢, is the
instant when the particle satisfies the relation x* + y* = [2). The functions g; = q;(qo, Po), P1 = P1(40,
Do) specify the simplectic mapping gq, pg — ¢1, p1- This mapping has a fixed point gy = py = 0, while
the functions g, and p, are analytic in the neighbourhood of this point. Using a canonical transformation
this mapping can be reduced to a normal form, from the form of which one can then obtain the
corresponding normal form of the Hamiltonian X.

A similar approach to the problem of normalizing time-periodic Hamiltonian systems was proposed
in [7], where the simplectic mapping was obtained using numerical integration of the corresponding
canonical equations using Jacobi’s method. In the problem investigated here, the mapping qq, po — ¢1,
P4 is obtained without numerical integration. The procedure for constructing it uses the fact that when
v varies from 0 to 21, the thread on which the particle m is suspended becomes loose and the motion
of the point is completely known. It is given by the equations

x(t)= Y8t + kgt + x5, Y(1)= Yot + ¥ (3.2
x(t)=gt+x5, Y=y,

where xg, yg, %o, Yo are the values of the corresponding quantities when v = 0.
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4. THE MAPPING

Using the equation ry = —K(gq, po, 0), the formulae connecting the initial variables 6, pg, §, pe in
Sections 1 and 2, and the variables g, p, r and v, and also the relation between x, y, X, y and 6, pg, &,
Dg, not written here, we obtain the following expressions for the quantities xg, yo, %o, Yo in terms of g,

and p,

Xg = 1(1-y2q§ +04), Yo =Uqy —%;q(; +0y) 4.1)
. 2+l 5 | 1
Xo =—2gh| 1- +— ————— P +0,
) 8 ( ) nx‘lol’o P Po 4
. 1 2% +3 3 1 1
= —\28h| 9o —— po - 222 3 4+ —— g2 py — ——sGo 2.
Yo g (‘lo p— Po 2w 9 2ﬂm‘lopo Y qol’0+04)

where O, is the set of terms higher than the third power in g¢ and py,.
The relationx” + y* = 2, taking (3.2) and (4.1) into account, gives an equation for finding the instant
of time #; when the particle m reaches the constraint. Solving it we obtain

f2h 8x2 - 2% +1 2 4 4%+1
L=2—|] - ————— + — ——m 2+0
1 2 ( ™ 90 - 90Po PN Po 4

Putting ¢ = ¢, in (3.2) and taking (4.1) into account we obtain the values x;, y;, X1, y; of the quantities
X,y,%,y at the instant of reaching the constraint, expressed in terms of gq and py. Then taking the chain
of replacements of variables in the reverse order, carried out when obtaining relations (4.1), we find
the following relations, which express the required mapping of the expression gy, p; of the variables g,
p when v = 2rt in terms of their values whenv = 0

@ = (1-4%)qq + 4/ Tipy + asqy +ayq5 Py + 129005 + APy + 04 42)
Py = =27x(1 - 2%)gq + (1 - 4%) py + b3oqq + by po + biaqoPs +boapo + 04
Ay = -%(16%> —24%? +5%-3), a,, =x"'17'(32%% - 40%* + 2% - 1)
ap = 4% ' 2 (8x2 -8x 1), agy =YxIn3(16x2 ~12x - 3) 43)
byg = - Y m(96x> — 44x? +22x ~3), by =2(24x% = 5% +1)

by =—x"'n7 (48%% + 2% — 1), bgy = 4x ' m 2 (4w +1)

5. STABILITY IN THE LINEAR APPROXIMATION

The fundamental matrix of the linearized equations of the perturbed motion with Hamiltonian K,
calculated for v = 2m, is identical with the matrix of the linearized mapping (4.2). Its characteristic
equation has the form

p2-2(1-4%)p+1=0 (.1)

When the inequality
O<x<Y 5.2)

is satisfied, the roots (multipliers) of Eq. (5.1) are complex conjugate numbers with moduli equal
to unity: p; = exp(i2mA), p, = p; where *iA are the characteristic exponents of the linear
equations with Hamiltonian K. In the range given by (5.2) the motion (1.3) is orbitally stable in
the linear approximation [8].
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At the boundary » = 1/2 of the range (5.2) the multipliers are multiples: p; = p, = —1. Here there
is instability in the linear approximation since the matrix of the linearized mapping (4.2) is not reduced
to diagonal form.

When the inequality » > 1/2 is satisfied, Eq. (5.1) has a root with modulus greater than unity and,
consequently [8], there is instability (in the rigorous non-linear formulation of the problem, and not
only in its linear approximation). This indicates that if, in the unperturbed periodic motion (1.3), the
height of the post-impact jump of the particle m exceeds half the length of the thread, the periodic
motion considered is orbitally unstable.

When 0 < »x < 1/2 we have the critical case of the theory of stability and a non-linear analysis is
required for a rigorous solution of the problem of the orbital stability of the motion (1.3).

6. NON-LINEAR ANALYSIS IN THE STABILITY REGION
IN THE FIRST APPROXIMATION

Suppose x lies inside the range (5.2). It then follows from (5.1) that cos 2rA = 1 - 4x. Hence (taking
into account the fact that for x = 0 we have K, = 1 %p? and, consequently, as x — 0 the quantity
A — 0), we obtain that in the range (5.2)

A = (2m)larccos(1 — 4%) 6.1)

By making the change of variables ¢ = u”'¢’, p = wp’, where p = 1/2(x sin 2rnA)2 we reduce the
linear part of the mapping (4.2) to the normal form—rotation by an angle 2rtA. The mapping takes the
following form (the primes on the new variables are omitted)

qy = cos2mAg, +sin 2mAp, + Czoqg + Czlqgl’o + Cizqopg + 0031’('; +0,

. (62)
p1 = —sin 2mAgq + cos 2mApy + d30qp +da1q Po + di2qopd +doapi + Os
e =Wlay, o =ay, op=play. cp=nag,
- 6.3
dip =u by, dy =UTbyy, diy =byy, doy=plby, 63)
The coefficients cy; and dy; are related by the identities
c0s2MA(3cyg +dy) ) =sin2RA(3dyy — ¢5;), cOS2WA(c,, +d,;) =sin2AMd,, — ;)
CcOos 21!%.((.‘[2 + 3d03 ) =sin 21'51.((1]2 - 36‘03 ) (6.4)

These identities are a consequence of the simplectic form of the mapping (4.2).

We will now reduce the terms of the third power in the mapping (6.2) to normal form. To do this it
is first convenient to change from ¢ and p to the complex-conjugate variables z,2: z = g —ip,Z = q +
ip. The mapping can be written in the variables z, 7 in the following form

- 3 2= -2 =3
2 =Py2 * fo% + f12020 + fia2eZo + f03Zp + 04

s _ = 3 2= =2 =3 (65)
Z] =P22p + 83020 + 8212020 + 8122020 + 80320 + O
S =g+ vy, gy = fi

Mo = Jg(c3g —cip +dyy —dpy), Vag == Y(dag - ¢y —d) +cg3)

Moy = S Beso + €12 +dy +3dyy), Vo = Y% (3dsg — c3y +dyy —3cg3)

Miz = % Besp + 61y —dy ~3dy;), v, = =% (Bdyg +cy +dyy +3cg3) (6.6)

Hos = Jg(Co — €1y —dyy +do3), Vo = = S (dyg +c3y —dyy ~ cg3)
We make the canonical transformation z, Z — z*, z* specified implicitly by the equations

2*=098/9z", Z=0S8/0z
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where

3 _o
S=27" +s4oz +s“~ 7 +s5p2 2z +s13zz' +5047"

and the coefficients s,,,, are chosen so as to simplify the structure of the mapping to the greatest extent.
Mapping (6.5) takes the following form in the new variables

* *3 *2_*
z =pizg +fro +Py (P - Dsyylzg + fr129 Zp +

2 3
+fiz +3p1(P5 — Dsi3)120%0 +foa + 4p1(P3 — Dsoa1Zg + Oy ©7)

— *3 2_*
7] =paZo +lg30 — 4p2(P] — Dsao)zy +lga1 —3p2(pF —1)s3 12y Zg +
P —d
+81220Z0 +[803 —P2(P3 - 1513170 +04

For values of the parameter » in the range (5.2) we have pl #1,p3# 1. The quantmes pl and
p2 differ from unity for all values of x in the range (5.2) apart from x = 1/4, for which p} = p} = 1.
For this value of x we obtain the fourth-order resonance 4A = 1.

We will first consider the non-resonant case x # 1/4. Then the coefficients s, of the generating func-
tion S can be chosen so that only one third-degree monomial remains on the right-hand sides of each
of Eqs (6.7), and the mapping takes the following (normal) form

#2 - - -k *-*2
2l =120+ Mz 20+ 04 T =PaZo +8122%0%0 +04
This mapping corresponds to Hamilton function (3.1), normalized up to terms of the fourth power
K =iAZ'Z" + Yic, (2T ) +... (6.8)

where c; = —ip,(2n) fyy. It follows from (6.4) and (6.6) that c, is real and can be calculated from the
formula

€3 =—(3c3g + dyy + 3dpz + 1)/ (80)? (6.9)
In the canonically conjugate real variables ¢* and R*, introduced by the canonical representation
2" =—i2R" Y2 exp(i@’), " 7" =i(2R" )" exp(=ig") (6.10)
Hamiltonian (6.8) has the form
K=AR"+c,R” +O(R") (6.11)
If the quantity ¢, in (6.11) is non-zero, the position of equilibrium g = p = 0 of the system with

Hamilton function (3.1) is stable {9, 10]. Calculations using (6.9), (6.3) and (4.3) show that the expression
for ¢, can be converted to the form

x+4

€2=- 81|:2x(l —-2%)

In the range (5.2) we have ¢, < 0 and consequently when % — 1/4 in this range the periodic motion
(1.3) is orbitally stable. Suppose now that x = 1/4. We then have resonance 4. = 1 and the normal
form of the mapping will be

— * *2 - -—*3 — — - ‘—-*2 ‘3 O
Zy =PiZo+ fu2o 2o + a2 +0s I =P2% +81220% +8n2% +04

For the corresponding Hamilton function (3.1), normalized up to terms of the fourth power, we obtain
the expression

- Xk . ok - iv —? - ~F 4
K =022+ Kicy(Z"Z) +B1) ' py frae™ T° —(87) ' prgage ™ 2" +...
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In @*, R* variables, defined by (6.10), we have
K=AR" +¢,R" -
—(im)‘l[uo3 sin(27A + 49" —v ) — Vg3 cos(2TA + 49" —v )]R'2 + O(R"3 ) (6.12)

When x = 1/4 we have ¢, = —-17(21:)'2, Hos = —(21)Y, vg3 = 0. In R = R*, ¢ = @* — v/4 variables,
instead of (6.12) we obtain the Hamiltonian

K = (c3 + by,cos4@)R? + O(RY)

where b, = (2)2. Since | ¢, | > b,, in the resonance case considered the periodic motion (1.3) is orbitally
stable [7].

7. STABILITY AT THE BOUNDARY OF THE RANGE (5.2)

When » # 1/2 the quantity A is equal to 1/2, i.e. we obtain second-order resonance. In this case it is
not possible to reduce the quadratic part of the Hamilton function (3.1) to a Hamiltonian, independent
of v, in the class of linear canonical transformations that are 2n-periodic in v [11]. But this reduction
can be achieved in the class of 4n— periodic transformations. According to this, when the function X is
normalized, instead of the mapping gg, po — g1, p1 during the period of variation of v from 0 to 2 we
will consider the mapping g¢, po — ¢5, p» during twice the period of variation of v from 0 to 4=x. For x
= 1/2 we obtain from (4.2)

92 =40 —87"' py + F(qg. py)+ Oy, py = py +G(qq, pp)+ 04
F=-12¢3 + 9617 g8 py - 384n72q,p? +1808(31*)~! p}

G = 3ngg - 3643 p +1921 7' g, p5 - 38412 p; (1)
We make the following canonical change of variables g, p — ¢*, p* specified by the equations
q*=3S/3p®, p=3S/dq
S=(mV2 1 2)gp*(1-(11/60)p™)
In the g*, p* variables, mapping (7.1) takes the following form
g3 =40 - 4mp; + F' (45, py) + Os. P3 = o+ G (95, P5)+ 04
F* = 245725 +96m7 gy by — 1924000 + 7687150 (7.2)

G‘ = 121t—3q0 - 721t_2q0 po + l921l’. qopo - |92p0

This mapping is generated (in the range of variation of v from 0 to 4x) by the Hamiltonian (3.1),
normalized up to terms of the fourth power

K=-Y%p" -¥%n*q" +0, (73)

Since the signs of the coefficients of p*2 and g** in (7.3) are the same, the equilibrium g=p=0ina
system with Hamilton function (3.1) is stable [12].

The above mvestlgratlon enables us to formulate the following final result: if in the unperturbed periodic
motion of a point along the vertical the height of its post-impact jump does not exceed half the length
of the thread, this periodic motion is orbitally stable, otherwise it is unstable. This result was obtained
previously by Ivanov{ using numerical calculations.

tIVANOV A. P, A qualitative theory of motion in systems with non-restoring couplings. Doctorate dissertation, Moscow, 14
November 1994.
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8. NON-LINEAR OSCILLATIONS IN THE NEIGHBOURHOOD OF AN
UNSTABLE TRAJECTORY

Suppose » = 1/2 + £ (0 < € < 1). In this case the periodic motion (1.3) is orbitally unstable. We will
fix the energy level corresponding to trajectories (1.3) and consider the nature of the non-linear
oscillations of the particle m in its neighbourhood. We will again obtain the Hamilton function describing
the oscillations using the corresponding simplectic mapping. Since the values of the parameter » are
assumed to be close to its boundary value, then, as in Section 7, we must investigate the mapping in
the range of variation of v from O to 4.

Assuming g = €/2X, p = £'2Y, we obtain from (4.2) and (4.3) the mapping X, Y — X, Y, in the form

X, = (1+16€)X, - 81" (1 + 4€) Y, + €F(X,, Yy ) + O(E) 61

Y, = —4meXy +(1+ 168)Y, +£G( Xy, Yy ) + O(e7%)

where F and G are the functions from (7.1).
After two canonical changes of variables X, Y — X", Y” using the formulae

X=+2n"'(1+26)X’, Y=+2m2(1+2e)]' Y’
and X°, Y — X*, Y*, specified by the generating function
S=XY'(1-(11/60)r™)
mapping (8.1) takes the following form

X3 = (1+16€)X; — ATYy +€F* (X, Yo )+ O(?)

* 3
Yy =-8en X +(1+ 168)Y] +€G™ (X3, Y0+ O(e7?)

where F* and G* are the functions from (7.2). The following Hamilton function corresponds to this
mapping

K=-Y% y” +emix” +%yT ) —ekn X" +0e?) (82)

Quantities O(e*?) in (8.2) are 4n-periodic in v.

The canonical equations with Hamiltonian (8.2) describe non-linear oscillations in the neighbourhood
of the trajectory (1.3). If the mappings are not used, the change from the g, p variables to the X*, Y*
variables can be obtained by a canonical transformation, 4n-periodic in v and analytic in g and p, which
reduces Hamiltonian (3.1) to the form (8.2).

To facilitate further calculations we will make one more canonical change of variables X*, Y* — Q,
P, by putting

X' = (-%emQ, Y =(-%e)'P

and we will introduce the new independent variable { = (3/2)"?r . In the new variables the motion
is described by a Hamiltonian of the form

=-% P+ Jie20? - 0*)+ O(e¥) (83)

Omitting the term O(€*?) in (8.3) we obtain an approximate (“unperturbed”) system with Hamiltonian

KO =-4 P+ Ke20? -0%) (8.4)

The unperturbed system has the integral K© = ¢ = const. The phase pattern is shown in Fig. 2. When

¢ > €/3 motion is impossible. If ¢ > &/3 the system is in one of the equilibrium positions Q = +1,P =
0. In the phase plane these correspond to stable singular points—centres.

When 0 < ¢ < ¢/3 (the range of oscillations) oscillations occur in the neighbourhood of positions of
equilibrium. These oscillations can be described using Jacobi elliptic functions
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Fig. 2.

Q=ztadn(nk), P=1t%[6(e-30)% sa(m,k)cn(n, k)
K =(a-bY)/ad (O<k<l), n=Qe/3Y a@+Ey) 8.5)
a’=1+(1-3c/e)?, b*=1-(1-3c/e)} (a>b>0)

Here and below {; is an arbitrary constant, and the upper and lower signs relate to trajectories in the

right and left of the half-planes of the phase pattern, respectively.
The frequency (with respect to {) of the oscillations of the quantities g and p is specified by the equation

® = Y na(6e)? K~ (k) (8.6)

where K(k) is the complete elliptic integral of the first kind. When ¢ — €/3 we obtain from (8.6) the
frequency of small oscillations in the neighbourhood of the equilibriaQ = +1, P = 0, equal to 2/3(68)”2.
The value ¢ = 0 of the integral K@ = const corresponds either to the unstable equilibrium Q =
P = 0 (a saddle in the phase plane), or doubly asymptotic homoclinic trajectories—separatrices. On
these we have
Q=1V2ch'n, P=%%+6eshnch?q

n=%3e({+8)

When ¢ < 0 (the region of rotations) non-linear oscillations occur for which the phase trajectories
in Fig. 2 envelope all three equilibrium positions. On these trajectories

Q=acn(nk), P=2%a[9(c—3c)] sn(n, k)dn(n, k)
K =a’1(a® +b%) (V212<k<1), n=%9E-3)4C+L,) (8.7)
a®=1+(1-3c/e)?, b =—1+(1-3c/e)’ (a>b>0)

In the region of rotations the frequency is given by the expression
© = % 7[9e(e - 30)4 K (k) 8.8)

In the regions of oscillations and rotations the Hamilton function (8.4) can be reduced to action-
angle variables I, w’. In these variables K@ = ¢(I’), where @ =0K©®/ar’. The Hamiltonian KO satisfies
the non-degeneracy condition 0’K@/0r2 # 0. In fact, in the region of oscillations we obtain from 8.5)
and (8.6) that

do  mi@2-k2
5P = e (@ KDE-20-KDK) (89)

where E(k) is the complete elliptic integral of the second kind. Noting that the derivative with respect
to k of the expression in square brackets in (8.9) is equal to 3k(K — E) and is positive for all &, and this



242 A. P. Markeyev

expression is equal to zero when k = 0, we obtain that it is positive for all k from the interval (0, 1).
Consequently, dw/dl’ > 0 and the non-degeneracy condition is satisfied.
In the case of rotations we have from (8.7) and (8.8)

d _ m(2kE-1)

e _m[(l — kK +(2k* - DE) (8.10)

Taking into account the fact that 1/2 < k* < 1 in the region of rotations, we obtain from (8.10) that
dw/dl’ < 0, and the non-degeneracy condition is also satisfied here.

We will now consider a perturbed system with the complete Hamiltonian (8.3). The unstable
equilibrium @ = P = ( also exists in the perturbed system, and it corresponds to the periodic motion
(1.3) of the particle m. Using the Poincaré theory of periodic motions [13] and Moser’s theorem on
invariant curves [10] it can be shown that an orbitally stable periodic motion of the particle m with a
period equal to twice the period of the motion (1.3) can be generated from the stable equilibria Q =
*1, P = 0 of the unperturbed system.

It also follows from the non-degeneracy of the Hamiltonian K© and Moser’s theorem on invariant
curves that if the positive quantity € is sufficiently small, the trajectories of the particle m which start
fairly close to the unstable trajectory (1.3) always remain in its neighbourhood. We can obtain an estimate
of the parameters of this neighbourhood by making use of the above analysis of an unperturbed system:
if the trajectories of the unperturbed system with Hamiltonian (8.3) begin fairly close to the origin of
coordinates Q = P = 0, then in further motion | Q | <V2(1 + &), | P | < 1/3‘}268)(1 + g,), where g;
and g, can be as small as desired when € and @, and P, approach zero.
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